Abstract. Let B be a Poisson algebra C[x1, . . . , xn] with Poisson bracket such that {xj, xi} = cjixixj + pji for all j > i, where cji ∈ C and pji ∈ C[x1, . . . , xi]. Here we obtain a class of deformations of B which are presented by iterated skew polynomial algebras and the result is illustrated by examples.
Introduction
Recall the star product in [8, 1.1] . Let R = (R, {−, −}) be a Poisson algebra and let Q be a quantization of R with a star product * . Then Q is a C where B i : R × R −→ R are bilinear products. In general, the star product is as follows: for any f = n≥0 f n n , g = n≥0 g n n ∈ Q ( n≥0 f n n ) * ( n≥0 g n n ) = k,l≥0
B m (f k , g l ) k+l+m .
Substituting 0 for ∈ Q, we recover the Poisson algebra R with Poisson bracket (1.1), which is expressed by Q/ Q at an algebraic point of view. Substituting 0 = λ ∈ C for ∈ Q, we have a C-algebra
with the multiplication induced by * , where f | =λ is a formal element. (We do not consider the convergence in formal power series.) By the way, if Q λ = 0 then Q λ is not isomorphic to Q/( − λ)Q since − λ is a unit in Q. Hence, in order to recover R and Q λ , 0 = λ ∈ C, at an algebraic point of view, we need an appropriate subalgebra A of Q such that ∈ A and that − λ is a nonunit in A.
Suppose that A is an algebra and let ∈ A be a nonzero, nonunit, non-zero-divisor and central element such that A/ A is commutative. Then A/ A is a nontrivial commutative algebra as well as a Poisson algebra with the Poisson bracket (1.2) {a, b} = −1 (ab − ba)
for a, b ∈ A/ A. Note that (1.1) is equal to (1.2) . If there is an element 0 = λ ∈ C such that − λ is a central nonunit in A then we obtain a nontrivial algebra A/( − λ)A with the multiplication induced by that of A, and thus A, A/ A and A/( − λ)A may be considered as Q, R and Q λ , respectively, of the above paragraphs. That is, A works as a quantization of the Poisson algebra A/ A with the Poisson bracket (1.2). To make terminologies clear, we call the Poisson algebra A/ A a semiclassical limit of A and an algebra A/( − λ)A (λ = 0) a deformation of the Poisson algebra A/ A. The element ∈ A inducing the Poisson algebra A/ A is called a regular element of A. Namely, by a regular element ∈ A we mean a nonzero, nonunit, non-zero-divisor and central element of A such that A/ A is commutative. Let B k be a Poisson algebra C[x 1 , . . . , x k ] with Poisson bracket such that for all j > i,
where c ji ∈ C and p ji ∈ C[x 1 , . . . , x i ]. A main aim of the article is to find a class of deformations of B k which are presented by iterated skew polynomial algebras. Let t be an indeterminate and let C[[t − 1]] be the ring of formal power series over C at t − 1. Namely, 
Note that C[[t − 1]] is an integral domain, that C[t] ⊆ C[[t − 1]] and that a nonzero element

Let
A
] be an iterated skew polynomial F-algebra and let β k , ν k be F-linear maps from A k−1 into itself. In this article, we find a condition for β k and ν k such that there exists a skew polynomial algebra
(See Theorem 2.2.) Hence, using induction on k repeatedly, we can get iterated skew polynomial algebras from the result. Next we observe that t−1 is a regular element of A k and find a condition such that the Poisson algebra B k = C[x 1 , . . . , x k ] with Poisson bracket (1.3) is Poisson isomorphic to the semiclassical limit A k /(t − 1)A k . (See Corollary 2.6 and [3, §2] .) In the section 3, we give examples. The first four examples illustrate that a Hopf structure in A k induces that of its semiclassical limit A k /(t − 1)A k . The first four examples and the others illustrate that A k may be considered as a quantization of its semiclassical limit
Recall several basic terminologies. (1) Given an F-endomorphism β on an F-algebra R, an Flinear map ν is said to be a left β-derivation on R if ν(ab) = β(a)ν(b)+ ν(a)b for all a, b ∈ R. For such a pair (β, ν), we denote by R[z; β, ν] the skew polynomial F-algebra. Refer to [5, Chapter 2] for details of a skew polynomial algebra.
(2) A commutative C-algebra R is said to be a Poisson algebra if there exists a bilinear product {−, −} on R, called a Poisson bracket, such that (R, {−, −}) is a Lie algebra with {ab, c} = a{b, c} + {a, c}b for all a, b, c ∈ R. A derivation α on R is said to be a Poisson derivation if α({a, b}) = {α(a), b} + {a, α(b)} for all a, b ∈ R. Let α be a Poisson derivation on R and let δ be a derivation on R such that
for all a, b ∈ R. By [12, 
2.
A construction of an iterated skew polynomial algebra
and let A n , n > 1, be an iterated skew polynomial F-algebra
By monomials in A n we mean finite products of x i 's together with the unity 1. A monomial X is said to be standard if X is of the form
Note that the set of all standard monomials of A n forms an F-basis.
Lemma 2.1. Let β and ν be F-linear maps from an F-algebra R into itself. Define an F-linear
Then φ is an F-algebra homomorphism if and only if β is an endomorphism on R and ν is a left β-derivation on R.
Proof. [5, Exercise 2ZC].
Theorem 2.2. In an iterated skew polynomial F-algebra
Then there are an F-algebra endomorphism β k of A k−1 and a left β k -derivation ν k such that
Hence there exists an iterated skew polynomial F-algebra
Proof. Note that the set of all standard monomials forms an F-basis of A k−1 . It is enough to show that, for standard monomials x i 1 · · · x ir ∈ A k−1 , the F-linear maps β k and ν k from A k−1 into itself defined by
are an F-algebra endomorphism and a left β k -derivation, respectively. (Observe that (2.10) and (2.11) satisfy (2.3) and (2.4), respectively.) Let 1 ≤ i < j < k. Since A k−1 is an iterated skew polynomial F-algebra, it follows from (2.3) that
Hence we have (2.12)
by (2.1), (2.3), (2.2) and (2.7). Moreover we have
It follows from (2.1), (2.2) and (2.4) that (2.13)
Let F S k−1 be the free F-algebra on the set
Let us show that
, by (2.10) and (2.11),
In particular, if Xx j is standard (thus i r ≤ j) then
Let us verify first that
We proceed by induction on r.
If r = 1 then (2.16) is true trivially. Assume that r > 1 and that (2.16) holds for any standard monomial of length < r.
Then Y is a standard monomial of length r − 1 and X = Y x ir . Thus (2.16) holds as follows:
where all b ℓ ∈ F and X ℓ are standard monomials of A i . Since f is an F-algebra homomorphism, we have
Thus (2.14) holds. Note that A k−1 is an F-algebra generated by x 1 , . . . , x k−1 with relations
Namely, A k−1 is isomorphic to the F-algebra F S k−1 /I, where I is the ideal generated by
Since f is an F-algebra homomorphism, it is easy to check that I ⊆ kerf by (2.12), (2.13) and (2.14). Hence there exists an F-algebra homomorphism φ : (
, where all a i ∈ F and X i are standard monomials, and suppose that
It follows that all a i = 0 since the standard monomials of A k form an F-basis. Thus f = 0.
(2) It is clear by (2.10) and (2.11) that β 2 is an F-algebra endomorphism and ν 2 is a left
(3) and (4) Clear. (5) Since (2.8) holds trivially and the right hand side of (2.9) is zero, it is enough to show that the left hand side of (2.9) is zero. Note that u ji ∈ A i for all i < j < k by (2.2). Set u ji = ℓ a ℓ X ℓ , where a ℓ ∈ F and X ℓ are standard monomials of A i . Since X ℓ is of the form X ℓ = x n 1 x n 2 · · · x np (n m ≤ i for all 1 ≤ m ≤ p) and ν k (x nm ) = u knm = 0 by our assumption, we have that ν k (X ℓ ) = 0 by (2.11). Hence ν k (u ji ) = 0. It completes the proof.
(6) (2.5) holds trivially. Since
is a nonunit and non-zero-divisor in
A k and that (2.17) a ji | t=1 = 1, ν j (x i )| t=1 = 0 for all 1 ≤ i < j ≤ k. Then t − 1
is a regular element of A k and the semiclassical limit
where
Proof. Note that A k is generated by x 1 , . . . , x k and that
for all 1 ≤ i < j ≤ k. Hence the result follows.
For each positive integer k, we will write B k for the commutative polynomial ring
Poisson algebra satisfying the following condition:
Conversely, if B k is an iterated Poisson polynomial algebra of the form (2.21) then B k is a Poisson algebra satisfying the condition (2.20).
Proof. Suppose that B k is a Poisson algebra satisfying the condition (2.20). Define derivations
Then α k is a Poisson derivation, δ k is a derivation and the pair (α k , δ k ) satisfies (1.4) by [12, 1.1] since B k is a Poisson algebra. Thus B k is a Poisson polynomial algebra 
. Suppose that t − 1 is a nonunit and non-zero-divisor of an iterated skew polynomial F-algebra
such that all β j , ν j satisfy (2.1) and (2.2) . Then there exists an iterated skew polynomial Falgebra
where β k and ν k are maps on A k−1 satisfying (2.3) and (2.4) respectively, and t − 1 is a regular element in A k such that B k is Poisson isomorphic to the semiclassical limit
Proof. By Theorem 2.2, there exists a skew polynomial F-algebra
Since t−1 is still a nonunit and non-zero-divisor in A k , it is a regular element of A k and the semiclassical limit A k /(t − 1)A k is Poisson isomorphic to B k by Theorem 2.4.
Examples
Let A be a Hopf algebra over F and let A be a semiclassical limit of A. The following proposition shows that A becomes a Poisson Hopf algebra, in which the Poisson Hopf structure is induced by the Hopf structure of A. (Refer to [2] for the definition of Poisson Hopf algebra.) Proof. Since ∆, ǫ and S are F-linear maps,
and thus the Hopf structure of A induces a Hopf structure in A. Moreover
Hence A is a Poisson Hopf algebra.
In the following four examples, we obtain Hopf algebras expressed by iterated skew polynomial algebras from iterated Poisson polynomial algebras with Poisson Hopf structure. 
where f (t), g(t) ∈ (t − 1)F with f ′ (1) = g ′ (1) = 1, for example, f (t) = g(t) = (t − 1)t m for some nonnegative integer m. Note that F[x 1 , x 2 ] is a commutative algebra and that u 32 ∈ F[x 1 , x 2 ]. We have u 32 x 1 = x 1 u 32 = a 31 a 21 x 1 u 32 and so (2.6) holds. It is clear that (3.1) satisfies (2.7) and (2.9) since u 21 = 0 and ν 2 = 0. We have
and so (2.8) holds. By Theorem 2.2, there exist an F-algebra automorphism β 3 and a left β 3 -derivation ν 3 on F[x 1 , x 2 ] defined by β 3 (x i ) = x i and ν 3 (x i ) = u 3i for all i = 1, 2, and thus there exists a skew polynomial F-algebra A = F[x 1 , x 2 ][x 3 ; β 3 , ν 3 ]. Moreover t − 1 is a regular element of A and thus B is Poisson isomorphic to the semiclassical limit A/(t − 1)A of A by Corollary 2.6 since
and A also becomes a Hopf algebra (A, m, ι, ∆, ǫ, S) over F with Hopf structure 
where λ ij ∈ C, and the comultiplication, the couint, the antipode are given by
Set F = C[t] and (3.2)
a 41 = a 42 = a 43 = 1,
where f ij (t) ∈ (t − 1)F with f ′ ij (1) = 1. Let 1 ≤ i < j < 4. Note that F[x 1 , x 2 , x 3 ] is a commutative algebra. Since u 4j ∈ F[x 1 , x 2 , x 3 ], we have u 4j x i = x i u 4j = a 4i a ji x i u 4j and so (2.6) holds. It is clear that (3.2) satisfies (2.7) and (2.9) since u ji = 0 and ν j = 0. Since β 2 and β 3 are the identity map, we have a 4j β j (u 4i ) = u 4i = a ji u 4i and so (2.8) holds. By Theorem 2.2, there exist an F-algebra monomorphism β 4 and a left β 4 -derivation ν 4 on F[x 1 , x 2 , x 3 ] defined by β 4 (x i ) = x i and ν 4 (x i ) = u 4i for all i = 1, 2, 3, and thus there exists a skew polynomial F-algebra
Moreover t − 1 is a regular element of A and thus the semiclassical limit A/(t − 1)A is Poisson isomorphic to B by Corollary 2.6 since
Also A becomes a Hopf algebra (A, m, ι, ∆, ǫ, S) over F with Hopf structure
Hence we have a family of infinitely many C-algebras consisting of the deformations A/(t − λ)A of B since there are infinitely many 1 = λ ∈ C such that t − λ is a nonunit in A. where λ ∈ C, and the comultiplication, the couint, the antipode are given by
] and a = e λ(t−1) . By Proposition 2.3(2), there exists a skew polynomial F-algebra
where β(g) = ag. Note that t − 1 is a regular element of A. Thus the semiclassical limit A/(t − 1)A is Poisson isomorphic to B by Corollary 2.6 since
and also has a Hopf structure 
and the comultiplication, the couint, the antipode are given by
21 , a 32 = 1,
Since u 32 ∈ F[K ±1 ] and a 31 = a −1 21 , we have u 32 K = Ku 32 = a 31 a 21 Ku 32 and so (2.6) holds. By Proposition 2.3(4), there exists an iterated skew polynomial F-algebra
ν 3 (E) = u 32 . Moreover t − 1 is a regular element of A and thus the semiclassical limit A/(t − 1)A is Poisson isomorphic to B by Corollary 2.6 since
. and A has a Hopf structure (A, m, ι, ∆, ǫ, S)
Let 0, ±1 = q ∈ C. Then t − q is a nonzero and nonunit in A and thus the deformation A q = A/(t − q)A is a nontrivial C-algebra with the multiplication induced by that of A, which is isomorphic to U q (sl 2 (C)) in [1, I.3.1] since there exists an isomorphism ϕ : 
20). Then h is of the form
where λ, µ ∈ C and
Proof. Note that the Poisson bracket of B 3 is as follows:
By (3.5) and (2.20), we have that
where c 21 ∈ C, p 21 ∈ C[x 1 ] with degree ≤ 2 and f ∈ C[x 1 , x 2 ] with degree ≤ 3. By (3.6), (3.8) and (2.20), we have
and thus
It follows that f = p 31 x 2 + f 2 and thus
by (3.8), where f 2 ∈ C[x 1 ] such that deg p 31 ≤ 2 and deg f 2 ≤ 3. By (3.7) and (3.9), we have that
, and thus p 21 ∈ C. Hence h is of the form
for some λ, µ ∈ C and f 1 , f 2 ∈ C[x 1 ] with degf 1 ≤ 2 and degf 2 ≤ 3, as claimed.
Example 3.7. Retain the notations of Proposition 3.6. Suppose that degf 1 = 0, namely f 1 ∈ C. By (3.4), B 3 is a Poisson algebra with the Poisson bracket
. Hence B 3 is an iterated Poisson polynomial C-algebra
by [12, 1.1], where
and let U (F) be the unit group of F. Note that t − 1 is a nonzero, nonunit and non-zero-divisor of
(Such ones exist. For example, λ = e λ(t−1) , µ = µ(t − 1),
By Proposition 2.3(1) and (2), there exist an F-algebra monomorphism β 2 and a left β 2 -derivation ν 2 on F[x 1 ] defined by
and thus there exists a skew polynomial F-algebra
Since u 21 , u 31 ∈ F, u 32 ∈ F[x 1 ] and a −1 31 = a 21 = a 32 , we have u 32 x 1 = x 1 u 32 = a 31 a 21 x 1 u 32 ,
Hence (3.12) satisfy (2.5)-(2.9). By Theorem 2.2 and Proposition 2.3(1), there exist an F-algebra monomorphism β 3 and a left β 3 -derivation ν 3 on A 2 defined by
Note that t − 1 is a regular element of A. Thus the semiclassical limit A/(t − 1)A is Poisson isomorphic to B 3 by Corollary 2.6 since (3.10) .
As a special case, let
Then h = −2x 1 x 2 x 3 + 2x 3 + 2x 2 + 2x 1 and B 3 is a Poisson C-algebra with the Poisson bracket
Setting F = C[t, t −1 ] and
there is an F-algebra
Note that A 3 is the F-algebra generated by x 1 , x 2 , x 3 subject to the relations (3.13)
Let 0, 1 = q ∈ C and let A q 3 be the deformation A
3 is the C-algebra generated by x 1 , x 2 , x 3 subject to the relations obtained from (3.13) by replacing t by q. Observe that the set {x i 3 |i = 0, 1, . . .} is an Ore set of A q 3 by the second and the third equations of (3.13). The localization A 
Thus B k is an iterated Poisson polynomial algebra
for all 1 ≤ i < j < 2k. By Proposition 2.3(6), there exists an iterated skew polynomial F-algebra
otherwise. Note that t−1 is a regular element of A k . By Corollary 2.6, the semiclassical limit
Substituting for
. . , x 2k−1 , x 2k subject to the relations 
Note that cos(t − 1), sin(t − 1), sec(t − 1) ∈ F by the elementary calculus. We will show by induction on k that there exists an iterated skew polynomial F-algebra
by Proposition 2.3(2) and Theorem 2.2. Suppose that k > 1 and assume that there exists a skew polynomial F-algebra A k−1 . Note that, for any positive integers i, j, ℓ, (3.16) i + j is odd if and only if (ℓ + j is odd and ℓ + i is even) or (ℓ + j is even and ℓ + i is odd).
For the case 2k − 1 instead of k in Theorem 2. Let 0, 1 = q ∈ C. The deformation A q := A/(t − q)A of B is the C-algebra generated by x 1 , . . . , x n subject to the relations x j x i = qx i x j for all 1 ≤ i < j ≤ n, which is the coordinate ring O q (C n ) of quantum affine n-space in [1, I.2.1]. with multiplication induced by that of A is the C-algebra generated by x, y, z, w subject to the relations zy = yz, xy = qyx, xz = qzx, yw = qwy, zw = qwz, xw − wx = (q − q −1 )yz.
Following [1, I.1.7], A q is the quantum 2 × 2-matrices algebra O q (M 2 (C)) as expected.
